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ABSTRACT 
We determine the minimum permanents and minimizing matrices on the faces of 
n n+2 for the fully indecomposable (0,l) matrices of order n + 2, which includes an 
identity submatrix of order n. 
Let D = [dij] be an n-square (0,l) matrix, and let 
a(D) = {X = [x,,] E R,lxij = 0 whenever dij = O}. 
Then fi( D) is a face of a,, the polytope of n-square doubly stochastic 
matrices, and a(D) contains a minimizing matrix A such that per A < per X 
for all X E fi( D). 
Recall that an n-square nonnegative matrix is said to be fully indecom- 
posable if it contains no k X (n - k) zero submatrix for k = 1,. . . , n - 1. 
Brualdi [l] defined an n-square (0, l)-matrix D to be cohesive if there is 
a matrix Z in the interior of fl( D) for which 
perZ=min{perXIXEfi(D)}. 
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And he defined an n-square (0,l) matrix D to be barycentric if 
perb(D)=min{perXlXECI(D)}, 
where the barycenter b(D) of CI( D> is given by 
b(D)=- l CP, 
perD P<D 
where the summation extends over the set of all permutation matrices P 
with P < D and per D is their number. 
Let K,, Z&, and K, 2 be the 2 ~2, 2~ n, and n X2 matrices with all 
entries equal to 1, respectively. For n > 3, let 
be (n +2)-square (0,l) matrices that contain the identity matrix I, of order 
n as a submatrix. 
In the paper [l], Brualdi obtained the minimum permanent nn the face 
WV, “-i), where V, “-i is the n-square (0,l) matrix which contains the 
identity matrix I,_ r ‘of order n - 1 as a submatrix. Mint [3] obtained the 
minimum permanent on the face R(V,,,). Song [4] obtained the minimum 
permanent on the face CI(V,,,) and the local minimum permanents on the 
face Q(U,,,) at its barycenter. 
The purpose of this paper is to determine the minimum permanents and 
minimizing matrices on the faces R(U,,,) and fi(V,,,), respectively. This 
enhances the theorems of Brualdi [l, Theorem 51 and Song [4, Theorem 2.51. 
LEMMA 1[3]. IfA = (aij) is a minimizing matrix on Ck(U,,,) (or CI(Vs,,)), 
then perA(p]q)= perA for aP4 > 0, and A is fully indecomposable. Here 
A(p 1 q) denotes the submatrix obtained from A by deleting row p and col- 
umn q. 
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LEMMA 2 [4]. For n > 3, we have that a minimizing matrix on the face 
CNU,,,) is the following form: 
A= b, 
I . 
(2) 
where xi and bi are positive for i = 1,. . . , n. That is, U,,, is a cohesive matrix. 
LEMMA 3. lf A in (2) of Lemma 2 is a minimizing matrix on the face 
Q(Uz,,), then xi > (n -3)b, (i.e. hi < I/(n - 1)) for all i = 1,. . , n. 
Proof. Suppose that n > 3, since there is nothing to prove for n = 3. 
Assume that (n -3)b, 2 xi for all i = 1,. .., n. Then bi > l/(n - 1) for all 
i=l , . . , n, and hence we have a contradiction as follows: 
l= ~b+~>l. 
i=l n-l 
Therefore, we have some bi such that xi > (n -3)b, for at least one i. Say, 
let x,>(n-3)b,. If xj,<(n-3)b, f or at least two i, say i = 1,2, then 
b, 2 l/(n - 1) and 0 < b, < l/(n - 1). A ssume b, = max{b,, b,) without loss 
of generality. Then we have a contradiction as follows: 
O=perA(113)-perA(lIn+2) 
~~~~x,x,...x”_,_,,,,,,...x”_, 
t 
> 0, (3) 
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since b, - b, > 0 and the quantity in the braces of (3) is greater than 
(b; - blbnxZ)x3.. . LX,,_, 
> 0. (4) 
Now, assume that for some one i, say i = 2, x2 <(n -3)b, and xj > 
(n-3)bj forj=1,3,4 ,..., n without loss of generality. Then the quantity in 
braces in (3) is positive by (4). S o we obtain b, = b, from (3). Similarly, we 
obtain b, = bi from 
O=perA(113)-perA(lIi+2) 
for i = 3,4,. . . , n - 1. Then we have a contradiction as follows: 
0 = perA(414) -perA(313) 
since b, - b, < 0 and (b, + b,>xyp3 -(n -3)byx;-4 > (n -3)b,x;-4(bl + 
b, - b,) > 0. Hence xi > (n - 3)b, for all i = 1,. . . , n. n 
LEMMA 4. If A in (2) of L.e mma 2 is a minimizing matrix on the face 
Kl(U,,,), then bi + bj > b, for i, j, k = 1,. . , n. 
Proof. We prove that b, + b, > b, for k = 1,. . . , n without 10s~ of 
generality. Assume that 
max{b,+,,..., b,) < b, + b, < min( b,, . , b,,} 
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without loss of generality for m = 3,. . , n - 1. Then 
I= kbi= %bi+ Ebi+ i b, 
i=l i=l i=3 i=n+1 
< jj$ij ,? bi + E bi -t z ,E bi 
t=3 i=3 1=3 
1 
= -+1+ 
m-2 
z$bi 
i=3 
=s,;:bi. 
1=3 
Since all bi are positive by Lemma 2, it follows that there exists at least one 
value of i such that b, > l/(n - 1). Th is contradicts the result of Lemma 3. 
Hence b,+b,>b, fork=l,...,n. n 
THEOREM 5. For n > 3, V,,, is baycentric and the minimum permanent 
on the face fl(V,,,) is 
2(n-l)(n-2)“-” 
n n+1 
proof. By Lemma 2, we have that a minimizing matrix on the face 
fl( V,.,) is of the form A in (2). Define 
@=X1X2...X”_-2, a$=? 
xi ’ 
Qij = 2 
xixj 
,for i,j=l,..., n -2, i # j, 12 > 3. If n = 3, use @ = xl, <p, = 1, Qij = 0. Since 
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X,-l, x, are positive, we have 
O=perA(n+2/n+2)-perA(n+l)n+l) 
= 4( b”_, - b,) 
ii 
n-2 
x bf (b,_, + b,)@l - C bF’li 
i=2 i 
i 
n-2 
+b,2 (b,_,+b,)Q2- c bp& + **. 
i=l 
i#2 1 
i 
n-3 
+ b,“_, (b,_ I+ b,pDn-2 - c b;z@(,_2)i 
i=l I 
&(b,_,+b,)xi-bf @ei+ ... 
&(bn-l+ bn)xi -bF (5) 
Since xi > (n - 3)b, and b, + b, > b, for i, j, k = 1,. . . , n by Lemmas 3 and 
4, we have that 
&(b,_,+b,)x,-b;>b,(b,_,+b,-b,).O. 
PERMANENTS OF STOCHASTIC MATRICES 55 
Therefore the quantity in the large bracket of (5) is positive, and hence 
b,_ i - b, must be zero in (5). Similarly, we have bi = b, = l/n from the 
equality of perA(n+2]n+2) and perA(i+2]i+2) for i=l,...,n-1. In 
this case, the minimizing matrix A in (2) is the barycenter of the face 
KNU,,,), and the minimum permanent on Kt(U,,,) is 
2(n-l)(n -2),-Z 
n 
n “+I 
THEOREM 6. For n > 4, the minimum permanent on the face fl(Va,,,) is 
2(n-l)(n-2)“-’ 
n n+1 
which occurs uniquely at the barycenter b(U,,,) of the face WU,,,). 
ProoJ Choose A so that it has the minimum permanent on the face 
fi(V, “). Then A is fully indecomposable by Lemma 1. Since the first two 
columns and rows of V, n are the same respectively, we can replace each of 
the first two columns and rows by their average (by Theorem 1 in Mint [3]). 
Then the resulting matrix B has the same permanent as A and has the 
following form: 
a a b, b, ... b, 
a a b, b, ... b, 
B= b, b, x1 0 
b, b, x.? 
. . 
. . 0 ‘. 
h. b. X” 
Then all bi and xi are positive for i = 1,. . . , n by the same method as 
proof of Lemma 2 (see Theorem 2.7 in [4]). If all xi are less than 2b, 
i=l , . . . , n, then all bi are greater than $ from 
1=xi+2bi<4bi. 
(6) 
the 
for 
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Then we have a contradiction as follows: 
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for n > 4. Hence there exists some i such that xi > 2bi. We may assume that 
X, > 2b, without loss of generality. If a is positive, then we have 
O=perB(lll)-perB(lIn+2) 
=(~,-2b,)(a~~x~...r,_,+ bfxzxo...xn_l+ .** + b;_,r,x,v,_,) 
+ b&x,. * * x,_~ 
> 0. 
This is a contradiction. So a must be zero. Therefore, the minimizing matrix 
with a = 0 in (6) is the barycenter of the face CI(U,,,) from Theorem 5. 
Hence we have the required minimum permanent by Theorem 5. n 
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